Architected structures have aroused widespread research interest because they possess unique properties in mechanics. However, a fundamental theory describing their thermal properties has not been established. Here, we present a theoretical framework in thermotics to predict thermal properties of architected structures. Then, by experiment and simulation, we show its applications in the field of heat management. By assembling two radically different materials, we design two types of Janus structures. The different rotation degrees of the Janus structures can flexibly control the switch between different functions, such as from partial concentration to uniform concentration and from rotation to concentration. These functions are realized in a structure made of a heterogeneous core plus a homogeneous shell, which is in contrast to the existing structures made of a homogeneous core plus a heterogeneous shell designed according to the theory of transformation thermotics. This work lays a theoretical foundation in thermotics for further research on heterogeneously architected structures, and it proposes the concept of thermal Janus structures for flexible heat control, which may open an avenue for intelligent thermal metamaterials.
I. INTRODUCTION
Heat manipulation is of growing significance due to the universality of heat energy. Fortunately, with delicate design of architected structures, many unique thermal phenomena have been realized, which include cloaking or camouflage [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , concentration [4, 9, 16, 17] , rotation [4, 18] , transparency [19] , and their combinations [20] [21] [22] [23] [24] [25] . These functions are mostly based on the structure of a coated core, which is generally featured by a homogeneous core and a heterogeneous (architected) shell according to the theory of transformation thermotics [1] [2] [3] . Even so, heterogeneously architected structures have aroused less attention in thermotics than in mechanics (e.g., see Ref. [26] and references therein). This situation mainly results from the lack of enough fundamental thermal theories for handling heterogeneously architected structures.
As a meaningful attempt, here we introduce the structure of a coated core, which is, however, composed of a heterogeneously architected core and a homogeneous shell. A theoretical framework will be established to predict the effective thermal response of the coated core.
In addition, another challenge is to realize multifunctions in a single field. Compared with multifunctions in multifields [20] [21] [22] [23] [24] , there is only one adjustable parameter in a single field (such as thermal conductivity in the single thermal field), so the realization of multifunctions in a single field becomes relatively more difficult. Although Shen et al. [25] have realized a type of cloak-concentrator in thermotics by tailoring the temperature-dependent effect of thermal conductivities, * jphuang@fudan.edu.cn different mechanisms for multifunctions still remain to be investigated.
To overcome this challenge, here we further propose a concept of a thermal Janus core on the basis of the aforementioned theoretical framework, which can be seen as a typical kind of heterogeneously architected core. Generally speaking, such a Janus core is composed of two radically different materials, and has been widely studied in soft matter (e.g., see Refs. [27] [28] [29] ). Then we experimentally fabricate two samples to realize the flexible control of isotherm concentration by rotating the core. We further propose another concept of a generalized thermal Janus core, which is also composed of two radically different materials, but with more flexible structures. As a result, the switch between thermal rotation and concentration can be achieved by rotating the core.
II. THEORY
Let us start by investigating the effective thermal conductivity of a two-dimensional coated core with circular shape; see Fig. 1(a) . The thermal property of the core is represented by a heterogeneous, anisotropic, and diagonal thermal conductivity tensor where T b (x, y) is the temperature distribution on Boundary I [see Fig. 1(b) ]. We rewrite the heat flux J b (x, y) in polar coordinates for the convenience of discussion,
where x = r cos θ, y = r sin θ . Now we pay attention to the radial component J r (r, θ ) [see Fig. 1(b) ], because heat flux is always conservative along the radial direction of Boundary I,
For further discussion, we have to make an approximation for the boundary condition [temperature T b (x, y)]. Namely, when the direction of external thermal field is along the x axis and κ xx (x, y) is a constant, the temperature distribution on Boundary I is uniform,
where A and B are two constants. We suppose that Eq. (5) holds approximately when κ xx (x, y) experiences a small variation. Therefore, the radial component of heat flux Eq. (4) can be simplified to
The most important feature of Eq. (6) is that J r (r, θ ) is independent of κ yy (x, y), which means that the effective thermal conductivity of the coated core is independent of κ yy (x, y). In other words, we only need to calculate the effective thermal conductivity of κ xx (x, y) (denoted by scalar κ c ), and then the effective thermal conductivity of the coated core can be obtained. Therefore, as long as the variation of κ xx (x, y) is small enough, Eq. (5) is rational and contributing. Now we are in a position to calculate the effective thermal conductivity of κ xx (x, y), namely κ c . The concrete approximation method is as follows.
We first separate the core into strips whose width dy is small enough; see Fig. 1 (c). Then we calculate the effective thermal conductivity of each strip κ xx (y) through series connection,
where r c is the radius of the core. We further calculate the effective thermal conductivity of these strips through parallel connection,
We finally calculate the effective thermal conductivity of the coated core κ e through the single-particle effective medium theory, namely Eq. (11) in Ref. [30] ,
where κ s is the thermal conductivity of the shell and p = (r c /r s ) 2 is the area fraction of the core. The final results, Eqs. (7)- (9), are independent of κ yy (x, y) under the approximation condition of Eq. (5). We mention that the influence of the conductivity variation on the accuracy of Eqs. (7)- (9) is analyzed in Sec. III via finite-element simulations.
Similarly, we can calculate the effective thermal conductivity of a three-dimensional coated core with spherical shape, as shown in the Appendix.
III. SIMULATION
We simulate the two-dimensional coated core [see Fig. 1(d) ] to observe the performance of Eqs. (7)- (9) . For arbitrary κ xx (x, y), well-defined (or strict) effective thermal conductivity of a coated core probably does not exist. Therefore, we define a relative error to indirectly examine the performance of Eqs. (7)- (9) on predicting the effective thermal conductivity,
where ∇T 0 is the external thermal field, |∇T 0 | = (T h − T c )/d 0 , and the integrate boundary is the outer periphery of the coated core (denoted by Boundary II); see Fig. 1(d) . Clearly, better performance of Eqs. (7)- (9) corresponds to less influence of the coated core on the matrix, which is represented by a smaller value of . For our purpose, we calculate Eq. (10) by using a finite-element simulation based on the commercial software COMSOL MULTIPHYSICS [31] .
We have mentioned that when κ xx (x, y) is a constant, Eq. (5) is strictly satisfied and κ e is independent of κ yy (x, y). To validate the statement, we set κ xx (x, y) = 50 Wm
and arbitrary κ yy (x, y) = 20 + 30000(x 2 + y 2 ) Wm −1 K −1 ; see Fig. 1(e) . The thermal conductivity of the shell κ s is set to be 400 Wm −1 K −1 , and the effective thermal conductivity of the coated core is calculated from Eqs. (7)- (9). We find that the temperature gradient in the core is uniform-see Fig. 1(f) -and obtain = 0 according to Eq. (10). The results indicate that when κ xx (x, y) is a constant, Eqs. (7)- (9) can be reduced to account for the known case of uniform thermal conductivities.
Now we discuss a position-dependent κ xx (x, y). Our theory [Eqs. (7)- (9)] does not consider the effect of κ yy (x, y), so we set κ yy (x, y) = κ xx (x, y) without loss of generality. We choose two typical functions: F (w) = 20 + |100w| 
IV. APPLICATION: EXPERIMENT AND SIMULATION

A. Thermal Janus core
The above theories and simulations pave the way to propose a concept of a thermal Janus core which is composed of two radically different materials (material A and material B); see Fig. 3(a) . Here we apply such a thermal Janus core to realize the manipulation of isotherm concentration; see Figs. 3(b) and 3(c). We can observe the partial concentration of the isotherms in Fig. 3(b) . The isotherms become concentrated in the left part of the core, while they are sparse in the right. Then we anticlockwise rotate the thermal Janus core by 90
• , and we observe the uniform concentration of the isotherms in Fig. 3(c) . The concrete concentration ratio is shown in Fig. 3(j) . To ensure that the rotation will not disturb the external field, the thermal conductivity of the core is required to satisfy Fig. 2(d) .
where the subscripts 0 and 90 respectively represent the anticlockwise rotation angle of the core, and they can be calculated from Eqs. (7)- (9) . When calculating (κ c ) 90 , the κ yy (x, y) in Eq. (1) actually works, and hence κ xx (x, y) in Eqs. (7)- (9) should be replaced by κ yy (x, y).
In the mean time, we also conducted experiments for demonstration. We drilled different holes in a copper plate to design practical structures of the core, and fabricates two samples with laser engraving; see Figs. 3(d)-3(f) . Detailed parameters of the two experimental samples were designed according to the periodic-particle effective medium theory, namely Eq. (4) in Ref. [32] , and are shown in Fig. 3(g) . We used water baths to act as hot or cold sources, and an infrared camera Flir E60 to detect the thermal profile. The measurements were conducted at standard atmosphere pressure and room temperature. The measured and simulated results based on the two samples are respectively shown in Figs. 3(h), 3(i) and Figs. 3(k), 3(l) . Clearly, there is good agreement with our theory.
Then we rotate the core by 22.5
• , 45
• , and 67.5
• to observe the switch progress from partial concentration to uniform concentration: Figs. 4(a)-4(c) for anticlockwise rotation, Figs. 4(d) and 4(f) for clockwise rotation. Owing to Eq. (11), the external field is not disturbed as expected.
B. Generalized thermal Janus core
We further propose another concept of a generalized thermal Janus core which is also composed of two radically different materials (material A and material B), but with more flexible structures; see Fig. 5(a) . Here we apply such a generalized • , 45
• . Other parameters are same as those for Fig. 3(b) . • . (e) and (f) are two designed samples whose simulated results are shown in (h) and (i). The detailed parameters are displayed in (g). Parameters: [8, 26] Wm
12 cm, w 1 = w 2 = 1.11 cm, and other parameters are same as those for Fig. 2(d) . thermal Janus core to realize the switch between concentration and rotation; see Figs. 5(b) and 5(c). Figure 5(b) shows that the heat flux in the core has a rotation of about 62
• , when compared with that in the matrix. Then we anticlockwise rotate the generalized thermal Janus core by 90
• , and we can observe the switch from rotation to concentration in Fig. 5(c) . Incidentally, when designing the generalized thermal Janus core, Eq. (11) should be satisfied as well.
To experimentally demonstrate the validity of Figs. 5(b) and 5(c), one might also drill different holes in copper and lead plates to design practical structures of the core, and then design two samples; see In addition, when we rotate the core by 22.5
• , we can observe the switch progress from rotation to concentration: Figs. 6(a)-6(c) for anticlockwise rotation of the core and Figs. 6(d)-6(f) for clockwise rotation of the core. We also adjust the parameters h 1 , h 2 , w 1 , and w 2 to observe the change in the rotation of heat flux; see Figs. 6(g)-6(i). We mention that these parameters may affect κ e according to Eqs. (7)- (9), but their influence is small enough to be neglected. The rotation degrees of heat flux in Figs. 6(a) • . The results show that the generalized thermal Janus core has a flexible control of heat flux rotation while keeping the external field undisturbed.
V. CONCLUSION
In summary, we have presented a theoretical framework to predict the effective thermal conductivity of a coated core with a heterogeneously architected core plus a homogeneous shell, which differs from the structure of a homogeneous core plus a heterogeneously architected shell as extensively adopted for thermal rotation and concentration according to the theory of transformation thermotics. Based on the theory, we have proposed two kinds of Janus structures, which enable flexible heat manipulation for thermal rotation and concentration. Our theory has been confirmed by numerical simulations and our design of Janus structures has been validated by both experiment and simulation. This work has not only potential applications in heat management, but also instructive meanings for exploring novel thermal phenomena of thermal metamaterials.
